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Abstract. Let M be a set of denominators in a field equipped with
a multiplicative absolute value. Suppose that #{x ∈ M : |x| ≤ T} =

Tα+o(1), where α > 0, and that the ambient field has ball-covering di-
mension d ∈ (0,∞). We prove that the upper box dimension of M−1 is
at most αd/(α + d). Equality holds precisely when nearly Tα denomi-

nators can be packed at separation T 1−α/d−o(1) along arbitrarily large
heights; the existence of box dimension at the same value is character-
ized by the corresponding all-scale condition. Arithmetic applications
include distinct ideal norms, balanced algebraic integers, and definite
quaternion orders. We also formulate the resulting finite-generation ob-
structions.

1. Introduction

Saito [Sai19] gave an elegant fractal proof of the infinitude of primes based
on the classical box dimension identity

(1) dimB{1/n : n ≥ 1} =
1

2
.

For each prime p, the geometric ray {p−k : k ∈ Z≥0} has box dimension
0, as does any finite setwise product of such rays. If only finitely many
primes existed, then every reciprocal positive integer would belong to one
such product, contradicting (1).

Only positivity of the dimension is needed for Saito’s argument. But the
exact value 1/2 in (1) suggests a quantitative question: how do the growth
and distribution of a given denominator set determine the box dimension of
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its reciprocals? In this paper, we give a general upper bound and character-
ize equality by a pair of packing conditions.

Covering numbers and box dimension. For a subset E of a metric
space and ε > 0, let N(E, ε) be the least number of sets of diameter at most
ε needed to cover E. Set N(E, ε) = +∞ if no finite cover exists. For a
nonempty totally bounded set, define the upper and lower box dimension as

dimBE := lim sup
ε↓0

logN(E, ε)

log(1/ε)
, dimBE := lim inf

ε↓0

logN(E, ε)

log(1/ε)
,

respectively; when these agree, their common value is the box dimension
dimB E. We assign box dimension 0 to the empty set.1

Denominator growth and ambient covering. Let (K, | · |) be a field
equipped with a real-valued multiplicative absolute value satisfying the tri-
angle inequality. We use the metric |x− y| and write

B(z,R) := {x ∈ K : |x− z| ≤ R}.
Both Archimedean and non-Archimedean absolute values are allowed. For
E ⊂ K×, put

E−1 := {x−1 : x ∈ E}.
When dimB(E

−1) exists, we call it the reciprocal dimension of E.
Let M ⊂ K× satisfy |x| ≥ 1 for every x ∈ M . For T ≥ 1, write

M(T ) := {x ∈ M : |x| ≤ T}, AM (T ) := #M(T ).

We say that M has counting exponent α > 0 if every M(T ) is finite and

(2) AM (T ) = Tα+o(1) (T → ∞);

equivalently, if logAM (T )/ log T → α.
We call s > 0 an admissible ball-covering exponent for K if there is a

constant Cs such that

(3) N(B(z,R), r) ≤ Cs

(
R

r

)s

(z ∈ K, 0 < r ≤ R ≤ 1);

let DK be the set of such exponents. The ball-covering dimension of K is
then

dK := inf DK , inf ∅ := +∞.

Since DK is upward closed, every s > dK is admissible whenever dK < ∞;
the endpoint dK need not be assumed admissible.

Throughout our main analysis, we assume that 0 < dK < ∞ and write
d := dK . With the usual normalizations, d = 1 for R, for Qp with |p|p = p−1,
and for Fq((1/t)) with |t| = q; for C with ordinary modulus, d = 2.

The ball-covering hypothesis implies that B(0, 1) is totally bounded. In
fact, the reciprocal set M−1 is totally bounded under the weaker assumption

1The diameter convention is used throughout. Replacing it by a comparable covering
convention does not change box dimension, but can change exact covering numbers and
normalized covering constants.
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that every M(T ) is finite: at any scale ε > 0, cover M(2/ε)−1 point by point
and put the remaining reciprocals in one set of diameter at most ε.

The main theorem. Set

β :=
αd

α+ d
.

We call β the harmonic value, since

1

β
=

1

α
+

1

d
.

For θ > 0 and T ≥ 2, let P(θ, T ) denote the assertion that there is a set
ST ⊂ M(T ) such that

#ST ≥ Tα−θ and |x− y| ≥ T 1−α/d−θ for all x ̸= y ∈ ST .

We say that M has subsequential critical-scale packing if, for every θ > 0,
P(θ, T ) holds for arbitrarily large T . We say that M has all-scale critical-
scale packing if, for every θ > 0, P(θ, T ) holds for every sufficiently large
T .

Theorem 1.1 (Harmonic upper bound and packing criterion). Let (K, | · |)
have ball-covering dimension d ∈ (0,∞), and let M ⊂ K× satisfy |x| ≥ 1
and have counting exponent α > 0. Then

dimB(M
−1) ≤ β =

αd

α+ d
.

Moreover:

(i) dimB(M
−1) = β if and only if M has subsequential critical-scale

packing, and
(ii) dimB(M

−1) = β if and only if M has all-scale critical-scale packing.

The upper bound in Theorem 1.1 comes from a head–tail decomposition.
For every s > d,

(4) N(M−1, ε) ≤ AM (T ) + Cs(εT )
−s (T ≥ 1, 0 < ε ≤ T−1).

The head consists of at most AM (T ) points, while the tail lies in B(0, T−1).
Balancing the two terms gives dimB(M

−1) ≤ αs/(α+ s); letting s ↓ d gives
the stated bound.

The same balance identifies the relevant separation scale. Distributing Tα

points throughout a region of linear scale T in dimension d suggests spacing
T 1−α/d. The identity

(5) |x−1 − y−1| = |x− y|
|x| |y|

then gives reciprocal spacing at least T−1−α/d for such a packing in M(T ).
At that scale, Tα separated reciprocals give the exponent

α

1 + α/d
= β.
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The converse in Theorem 1.1 shows that saturation of the upper bound
forces such packings, with arbitrarily small losses in the exponents.

Criteria, examples, and arithmetic applications. In Theorem 2.3, we
give an annular non-concentration criterion for all-scale critical-scale pack-
ing. Uniform discreteness gives the complementary lower bound dimB(M

−1) ≥
α/2, and hence reciprocal dimension d/2 when α = d (Proposition 3.1). For
every 0 < α < 1, sparse integer examples attain both α/2 and α/(1 + α),
showing that counting growth alone does not determine reciprocal dimen-
sion.

We apply these criteria to power sequences, monic polynomials, and
Gaussian integers. For monic polynomials, we also compute exact covering
numbers and exhibit nonconvergence of the normalized covering number.
Further arithmetic applications give reciprocal dimension 1/2 for distinct
ideal norms and two-sided covering estimates for balanced algebraic inte-
gers and definite quaternion orders.

Finally, we observed that positive counting exponent or positive upper
reciprocal box dimension obstructs containment in a monoid generated by
finitely many expanding elements with finitely many absolute-value-1 fac-
tors. This allows us to extend the Saito-style multiplicative argument mo-
tivating the paper.

Related work. The geometrically-closest context is box dimension at in-
finity. Radunović, Žubrinić, and Županović [RŽŽ12] study unbounded sets
through geometric inversion and discuss reciprocal power sequences. In R,
geometric inversion is field inversion; in C, the two differ by complex conju-
gation, an isometry. For reciprocal Gaussian integers, Gu and Jiang [GJ26]
prove dimension 1 and compute the critical Minkowski content. (Their con-
tent formula concerns the area of small neighborhoods, rather than minimum
covering numbers.)

Also related is the dimension theory of discrete sets. Iosevich, Rud-
nev, and Uriarte-Tuero [IRUT14] develop discrete Minkowski and Hausdorff
dimensions for families of large finite separated sets. Saito [Sai18, Theo-
rem 1.1] identifies upper zeta dimension with the exponent of convergence
of the norm Dirichlet series for uniformly discrete Euclidean sets. When
a counting exponent exists, it equals this exponent of convergence. These
notions describe the large-scale growth and distribution of denominators,
whereas reciprocal box dimension describes their small-scale geometry after
inversion.

Our contribution is the harmonic upper bound linking denominator growth
to reciprocal geometry, together with the packing characterization of equal-
ity.

Road map. Section 2 proves the main theorem and the annular criterion.
Section 3 gives the basic examples, the exact polynomial covering formula,
and the sharp sparse constructions. Section 4 treats ideal norms, balanced
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algebraic integers, and definite quaternion orders. Section 5 gives finite-
generation consequences, records the zeta interpretation of the counting ex-
ponent, and formulates an open packing problem.

2. Counting and packing under inversion

2.1. Conventions and standing hypotheses. Throughout, N := {1, 2, . . .}.
Subscripts on O, ≪, ≫, and ≍ indicate permitted dependence; the notation
X ≍ Y means both X ≪ Y and Y ≪ X. Each o(1) refers to the limiting
variable indicated in its context.

Throughout this section, (K, | · |) has ball-covering dimension d ∈ (0,∞),
and M ⊂ K× satisfies |x| ≥ 1 and (2) for some α > 0. Every M(T ) is finite,
and M−1 is totally bounded. For every s > d, the estimate (3) is available.

2.2. The harmonic upper bound. We first record the covering estimate
underlying the main theorem.

Lemma 2.1 (Head–tail estimate). For every admissible ball-covering expo-
nent s,

N(M−1, ε) ≤ AM (T ) + Cs(εT )
−s (T ≥ 1, 0 < ε ≤ T−1).

Proof. The reciprocals of the elements of M(T ) can be covered individually.
Every remaining reciprocal lies in B(0, T−1), whose covering number is at
most Cs(εT )

−s by (3). □

Proof of the upper bound in Theorem 1.1. For s > d, take

T = ε−s/(α+s).

Then ε < T−1 for 0 < ε < 1, and Lemma 2.1 gives

N(M−1, ε) ≤ ε−αs/(α+s)+o(1).

Consequently,

dimB(M
−1) ≤ αs

α+ s
.

Letting s ↓ d proves

□(6) dimB(M
−1) ≤ β :=

αd

α+ d
.

2.3. Packing and saturation. We now prove the equality statements in
Theorem 1.1. Put

γ := 1 +
α

d
, βγ = α.

Proof of the packing statements in Theorem 1.1. Sufficiency. Suppose that
P(θ, T ) holds, witnessed by ST ⊂ M(T ). For distinct x, y ∈ ST ,

|x−1 − y−1| = |x− y|
|x| |y|

≥ T−1−α/d−θ = T−γ−θ.

Thus, at scale

εT :=
1

2
T−γ−θ,
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each covering set contains at most one point of S−1
T , so

(7) N(M−1, εT ) ≥ Tα−θ.

If M has subsequential critical-scale packing, then for each fixed suffi-
ciently small θ > 0, this inequality holds along arbitrarily large T . Hence

dimB(M
−1) ≥ α− θ

γ + θ
.

Letting θ ↓ 0 and using (6) proves dimB(M
−1) = β.

If M has all-scale critical-scale packing, fix a sufficiently small θ > 0 and,
for any sufficiently small ε > 0, take

T = (2ε)−1/(γ+θ).

Then P(θ, T ) holds and ε = 1
2T

−γ−θ. Applying (7) at every sufficiently small
ε gives

dimB(M
−1) ≥ α− θ

γ + θ
.

Letting θ ↓ 0 proves dimB(M
−1) = β.

Necessity for upper box dimension. Suppose that dimB(M
−1) = β. There

is a sequence ε ↓ 0 along which

(8) N(M−1, 2ε) = ε−β+o(1).

Write ε = T−γ , so T → ∞ along the same sequence.
Fix θ > 0. Choose 0 < δ < min{1, α/d} sufficiently small that

(9)
α

1 + δ
> α− θ,

1− α/d− 2δ

1 + δ
> 1− α

d
− θ.

Both choices are possible by continuity at δ = 0. Next choose s > d suffi-
ciently close to d that

s(α/d− δ) < α, κ := α− s(α/d− δ) > 0.

Split the denominators into three ranges:

|x| < T 1−δ, T 1−δ ≤ |x| ≤ T 1+δ, |x| > T 1+δ.

The first range contributes at most

AM (T 1−δ) = Tα(1−δ)+o(1)

reciprocal points. The reciprocals from the third range lie in B(0, T−1−δ).
Since δ < α/d, for all large T we have 2ε ≤ T−1−δ, and (3) gives

N(B(0, T−1−δ), 2ε) ≪s T
s(α/d−δ) = Tα−κ.

On the other hand, (8) gives

N(M−1, 2ε) = Tα+o(1).
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Thus neither the small-denominator range nor the far tail can account for
the leading covering number. More precisely, if

c :=
1

2
min{αδ, κ} > 0,

then each of those two ranges can be covered using O(Tα−c) sets of diameter
at most 2ε. Subadditivity of covering numbers therefore implies that the
finite middle reciprocal set

ET := {x−1 : x ∈ M, T 1−δ ≤ |x| ≤ T 1+δ}
satisfies

(10) N(ET , 2ε) ≥ Tα−o(1).

Choose an inclusion-maximal subset FT ⊂ ET whose distinct points are
more than ε apart. The closed ε-balls centered at FT cover ET , and their
diameters are at most 2ε. Hence

#FT ≥ N(ET , 2ε) ≥ Tα−o(1).

Let ST be the corresponding set of denominators. For distinct x, y ∈ ST ,

|x− y| = |x| |y| |x−1 − y−1| > T 2(1−δ)ε = T 1−α/d−2δ.

Set R = T 1+δ. Then ST ⊂ M(R) and

#ST ≥ Rα/(1+δ)−o(1), |x− y| > R(1−α/d−2δ)/(1+δ).

The strict inequalities in (9) absorb the subpolynomial loss and give, for all
sufficiently large T along the chosen sequence,

#ST ≥ Rα−θ, |x− y| ≥ R1−α/d−θ.

Thus P(θ,R) holds for arbitrarily large R.

Necessity for box dimension. If dimB(M
−1) = β, then (8) holds as ε ↓ 0

without restriction to a subsequence. For fixed θ, choose δ and s as above.
The construction then works for every sufficiently large T . Since R = T 1+δ

ranges over every sufficiently large positive real number, P(θ,R) holds at
every sufficiently large height. This is all-scale critical-scale packing. □

Remark 2.2 (Division algebras). Theorem 1.1 also holds for a possibly non-
commutative division algebra D equipped with an absolute value satisfying
the triangle inequality and |xy| = |x| |y|. Define its ball-covering dimension
using the metric |x− y|, exactly as above. The identity

x−1 − y−1 = x−1(y − x)y−1

gives

|x−1 − y−1| = |x− y|
|x| |y|

,

which is the only algebraic property of inversion used in the proof. The
finite-generation discussion in Section 5, however, is stated for commutative
fields.
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2.4. An annular non-concentration criterion. Our packing conditions
are intrinsic, but applications often provide local counting estimates instead.
The following annular estimate is sufficient for our all-scale packing criterion.

Theorem 2.3 (Annular criterion). In the setting of Theorem 1.1, suppose
that for every η > 0 there is a constant Cη such that

(11) #{x ∈ M : t ≤ |x| < 2t, |x− z| ≤ t1−α/d} ≤ Cηt
η

for all t ≥ 2 and z ∈ K. Then M has all-scale critical-scale packing. In
particular,

dimB(M
−1) =

αd

α+ d
.

Proof. Fix 0 < δ < 1, put h := 1− α/d, and define

FT := M(T ) \M(T 1−δ), rT := T h−δ.

The counting law implies

(12) #FT = AM (T )−AM (T 1−δ) = Tα+o(1).

Cover the height range T 1−δ < |x| ≤ T by O(log T ) dyadic annuli t ≤
|x| < 2t, where T 1−δ/2 ≤ t ≤ T . For all sufficiently large T , we have rT ≤ th

throughout this range. Indeed, if h ≥ 0, then
rT
th

≤ 2hT−δα/d −→ 0;

if h < 0, then th ≥ T h > rT .
Applying (11) in these annuli gives

QT := sup
z∈K

#(FT ∩B(z, rT )) ≤ T o(1).

To see the subpolynomial bound explicitly, for each fixed η > 0 the annular
estimate gives QT ≪η T η log T .

Select a point of FT , discard its closed rT -ball, and repeat until no points
remain. At each step at most QT points are discarded. The selected set has
pairwise distances greater than rT and cardinality at least

#FT

QT
≥ Tα−o(1).

Given θ > 0, choose 0 < δ < min{1, θ} and take T sufficiently large to
absorb the subpolynomial loss. The selected set then verifies P(θ, T ). Since
the construction works at every sufficiently large T , the result follows from
Theorem 1.1. □

Remark 2.4 (Why a cumulative condition can be too strong). A superficially
similar cumulative estimate would be

(13) #(M(T ) ∩B(z, ρ)) ≪η T η
(
1 + Tα(ρ/T )d

)
(0 < ρ ≤ T ),

uniformly in z, for every η > 0.
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Under the counting law, this condition excludes every 0 < α < d. Indeed,
set z = 0 and ρ = T 1−α/d. The left-hand side is

AM (ρ) = Tα(1−α/d)+o(1),

whereas the right-hand side is Oη(T
η). Choosing η < α(1−α/d) gives a con-

tradiction. The annular condition avoids this accumulation of denominators
from earlier height scales.

3. Examples and sharpness

3.1. Power sequences. Let

Ma := {na : n ≥ 1} ⊂ R (a > 0).

Its counting function is AMa(T ) = ⌊T 1/a⌋, so its counting exponent is α =
1/a. On the annulus t ≤ na < 2t, the mean-value theorem gives

(n+ 1)a − na ≍a t1−1/a.

Consequently, every interval of radius t1−1/a meets the annular set in Oa(1)
points. Applying Theorem 2.3 with d = 1 yields

(14) dimB{n−a : n ≥ 1} =
1

a+ 1
.

This classical example also appears in the literature on inversion and fractal
strings; see [RŽŽ12, LvF13].

3.2. Uniformly discrete denominator sets. A subset of a metric space
is uniformly discrete if the distances between distinct points have a positive
lower bound.

Proposition 3.1 (Uniformly discrete sets). Let (K, | · |) have ball-covering
dimension d ∈ (0,∞), and let M ⊂ K× satisfy |x| ≥ 1 and have counting
exponent α > 0. If M is uniformly discrete, then

α

2
≤ dimB(M

−1) ≤ dimB(M
−1) ≤ αd

α+ d
.

In particular, α ≤ d. If α = d, then

dimB(M
−1) =

d

2
.

Proof. The upper bound is Theorem 1.1. Choose ρ0 > 0 such that

|x− y| ≥ ρ0 (x ̸= y in M).

For small ε > 0, take

T =
(ρ0
2ε

)1/2
.

If x, y ∈ M(T ) are distinct, then

|x−1 − y−1| = |x− y|
|x| |y|

≥ ρ0T
−2 = 2ε.
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Therefore
N(M−1, ε) ≥ AM (T ) = ε−α/2+o(1),

which proves the lower bound. Comparing the lower and upper bounds gives
α ≤ d; when α = d, they coincide. □

Under Proposition 3.1, uniform discreteness of N ⊂ R recovers (1), since
in that case α = d = 1.

For a prime power q, equip K = Fq((1/t)) with the absolute value deter-
mined by |t| = q. Let

Mq := {f ∈ Fq[t] : f is monic and nonzero}.
This includes the constant polynomial 1. Distinct polynomials are at dis-
tance at least 1. If qℓ ≤ T < qℓ+1, with ℓ ∈ Z≥0, then

AMq(T ) = 1 + q + · · ·+ qℓ ≍q T.

Since d = 1, Proposition 3.1 gives

(15) dimB{1/f : f ∈ Mq} =
1

2
.

Similarly, the Gaussian integers form a uniformly discrete lattice in C,
and

#{z ∈ Z[i] \ {0} : |z| ≤ T} = πT 2 +O(T ).

Here α = d = 2, so

(16) dimB{1/z : 0 ̸= z ∈ Z[i]} = 1.

Removing the four reciprocal units does not change the box dimension and
gives the set G1 studied by Gu and Jiang [GJ26], recovering their first-level
dimension formula dimB G1 = 1.

3.3. An exact polynomial covering formula. RetainK = Fq((1/t)) and
Mq from the preceding subsection. Put

Bq := M−1
q , Sj := {1/f : f ∈ Mq, deg f = j} (j ∈ Z≥0).

We call Sj the degree-j shell.

Proposition 3.2 (Exact polynomial covering numbers). For every integer
r ≥ 1,

(17) N(Bq, q
−r) = 1 +

r−1∑
j=0

qmin{j,r−j−1}.

Consequently,

N(Bq, q
−2m) = 1 +

2(qm − 1)

q − 1
(m ≥ 1),(18)

N(Bq, q
−(2m+1)) = 1 +

2(qm − 1)

q − 1
+ qm (m ≥ 0).(19)
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In particular,

lim
m→∞

q−mN(Bq, q
−2m) =

2

q − 1
,

lim
m→∞

q−m−1/2N(Bq, q
−(2m+1)) =

q + 1

(q − 1)
√
q
.

Thus ε1/2N(Bq, ε) does not converge as ε ↓ 0.

Proof. In an ultrametric space, the relation |x− y| ≤ q−r is an equivalence
relation. Its classes have diameter at most q−r, and every set of diameter at
most q−r is contained in one class. Hence N(Bq, q

−r) is exactly the number
of classes meeting Bq.

The tail
⋃

j≥r Sj lies in B(0, q−r) and contributes one class. Points from

two different shells Sj , Sk have distance q−min{j,k}. Thus no class meets two
distinct shells with degrees less than r, or both such a shell and the tail.

For distinct monic polynomials f, g of degree j < r,∣∣∣∣ 1f − 1

g

∣∣∣∣ = qdeg(f−g)−2j .

They belong to the same class precisely when deg(f − g) ≤ 2j − r. If
2j − r < 0, each of the qj polynomials gives a different class. If 2j − r ≥ 0,
the coefficients in degrees 2j − r + 1, . . . , j − 1 determine the class, giving
qr−j−1 classes. Therefore the shell contributes qmin{j,r−j−1} classes, proving
(17).

For r = 2m, the exponents in the sum are

0, 1, . . . ,m− 1,m− 1, . . . , 1, 0.

For r = 2m + 1, the central exponent m occurs once and each smaller
exponent occurs twice. Summing gives (18) and (19), and hence the two
limits. They are distinct because q + 1 > 2

√
q. □

3.4. Sharpness for sparse integer sets.

Proposition 3.3 (Sharp sparse bounds). Let M ⊂ N satisfy

#(M ∩ [1, T ]) = Tα+o(1)

for some 0 < α < 1. Then

(20)
α

2
≤ dimB(M

−1) ≤ dimB(M
−1) ≤ α

1 + α
.

For every 0 < α < 1, both endpoints are attained by sets whose reciprocal
box dimensions exist.

Proof. The inequalities follow from Proposition 3.1 with d = 1.
For the upper endpoint, define

M+
α := {⌊n1/α⌋ : n ≥ 1}.
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Since 1/α > 1, this sequence is strictly increasing. Its counting function
satisfies

#(M+
α ∩ [1, T ]) = Tα +Oα(1).

Indeed, ⌊n1/α⌋ ≤ T is equivalent to n1/α < ⌊T ⌋+ 1.
Consecutive terms in an annulus [t, 2t) are separated by ≍α t1−α for all

sufficiently large t. The corresponding gaps before taking floors have that
size and tend to infinity, while the floor error is bounded. The annular
criterion therefore gives

dimB((M
+
α )−1) =

α

1 + α
.

For the lower endpoint, define

M−
α :=

⋃
k≥1

{2k + j : 0 ≤ j < ⌊2αk⌋}.

The blocks are disjoint. Summing their cardinalities gives

(21) #(M−
α ∩ [1, T ]) ≍α Tα.

Thus (20) gives

dimB((M
−
α )−1) ≥ α

2
.

The reciprocals from block k lie in an interval of length O(2−(2−α)k).
Given small ε > 0, set

J :=

⌊
1

2
log2(1/ε)

⌋
, J+ := ⌈log2(1/ε)⌉ .

Cover all blocks k ≤ J point by point. This costs Oα(ε
−α/2) sets. For

J < k ≤ J+, cover the interval containing the reciprocal block using

O
(
1 + ε−12−(2−α)k

)
sets. Summing gives

Oα

(
log(1/ε) + ε−α/2

)
= Oα(ε

−α/2).

All blocks with k > J+ lie in a single interval of length at most ε. Therefore

N((M−
α )−1, ε) ≪α ε−α/2,

and
dimB((M

−
α )−1) =

α

2
.

□

The two constructions in the proof of Proposition 3.3 have the same count-
ing exponent and are both uniformly discrete. Their different reciprocal
dimensions show why a distributional hypothesis is needed in addition to
counting growth. Theorem 1.1 identifies the relevant distinction as critical-
scale packing.
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4. Number-field and quaternionic applications

We now give three applications. Distinct ideal norms are handled by
Proposition 3.1; balanced algebraic integers require a coordinatewise lattice
argument; and definite quaternion orders use the division-algebra extension
of inversion.

Throughout the first two subsections, let L be a number field of signature
(r1, r2) and degree n = r1 + 2r2, with ring of integers OL. Choose one
embedding for each Archimedean place and write

σ : L −→ V := Rr1 × Cr2 , σ(a) = (σv(a))v|∞.

Equip V with the sup norm, using ordinary modulus in each complex coor-
dinate. The image σ(OL) is a full lattice in the real n-dimensional vector
space V .

We use the elementary lattice-counting fact that, for a full lattice Λ ⊂ Rn

and a bounded Jordan-measurable set D,

(22) #(Λ ∩ TD) =
vol(D)

covol(Λ)
Tn + o(Tn);

this follows by comparison with translates of a fundamental parallelepiped,
or equivalently via Riemann sums after a linear change of coordinates.

Write NL/Q for the field norm and

N a := [OL : a]

for the absolute norm of a nonzero integral ideal a.

4.1. Distinct ideal norms. Define

Spr
L := {|NL/Q(a)| : 0 ̸= a ∈ OL}

and
SL := {N a : 0 ̸= a ⊆ OL};

these are the sets of distinct norms of nonzero principal integral ideals and
of all nonzero integral ideals, respectively. We regard both as subsets of R
with its usual metric.

Theorem 4.1 (Distinct ideal norms). As X → ∞,

#(Spr
L ∩ [1, X]) = X1+o(1), #(SL ∩ [1, X]) = X1+o(1).

Consequently,

dimB((S
pr
L )−1) = dimB(S

−1
L ) =

1

2
.

Proof. Consider the Archimedean region

(23) T ≤ |xv| ≤ 2T (v | ∞).

It is the dilation by T of a bounded Jordan-measurable set of positive vol-
ume. By (22), it contains ≍L Tn points of σ(OL). Every corresponding
algebraic integer a satisfies

|NL/Q(a)| ≤ (2T )n,
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where complex places contribute with multiplicity two.
Only OL(1) of these algebraic integers can generate any one principal

ideal. Indeed, if (a) = (b), then a = ub for a unit u, and (23) gives

1

2
≤ |σv(u)| ≤ 2 (v | ∞).

There are only finitely many such units: their Minkowski images are lattice
points in a fixed bounded region. Taking T = X1/n/2 therefore produces
≫L X principal integral ideals of norm at most X.

To pass from ideals to distinct norms, put

aL(m) := #{0 ̸= a ⊆ OL : N a = m}.
For a rational prime p, write

pOL = pe11 · · · pegg , N pj = pfj .

The ideals supported above p and having norm pν correspond to nonnegative
solutions of

g∑
j=1

fjuj = ν.

There are at most (ν+1)g ≤ (ν+1)n such solutions. By unique factorization
of ideals,

aL(m) ≤ τ(m)n,

where τ is the divisor function. The elementary estimate τ(m) ≪η mη for
every η > 0 implies

(24) max
m≤X

aL(m) ≤ Xo(1).

Dividing the ≫L X principal ideals constructed above by this maximal
multiplicity yields

#(Spr
L ∩ [1, X]) ≥ X1−o(1).

The reverse bound follows from Spr
L ⊂ N. Since

Spr
L ⊂ SL ⊂ N,

the same exponent holds for SL.
Both norm sets are uniformly discrete subsets of N with counting exponent

1. Applying Proposition 3.1 with d = 1 proves the reciprocal dimension
statements. □

4.2. Balanced algebraic integers. We now study σ(a−1) itself rather
than the reciprocal of an integer-valued norm. The map σ(a) 7→ σ(a−1)
is coordinatewise inversion in V . The sup norm on V is not a multiplicative
absolute value on L, so this is a lattice analogue of Theorem 1.1, not a direct
application.

Without a restriction, the reciprocal set can be unbounded. For exam-
ple, in a real quadratic field, powers of a suitable infinite-order unit have
coordinatewise absolute values (λk, λ−k) for some λ > 1.
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For a ∈ L, define the Archimedean sup height

H(a) := max
v|∞

|σv(a)|.

Fix 0 < c < 1 and set

Mc := {0 ̸= a ∈ OL : min
v|∞

|σv(a)| ≥ cH(a)}, Ec := {σ(a−1) : a ∈ Mc}.

The balance condition prevents any coordinate from being small relative to
the height.

Theorem 4.2 (Balanced lattice reciprocals). With the sup-norm metric
on V , we have

(25) N(Ec, ε) ≍L,c ε
−n/2 (ε ↓ 0).

In particular, dimB Ec = n/2.

Proof. For every nonzero algebraic integer,

1 ≤ |NL/Q(a)| ≤ H(a)n,

so H(a) ≥ 1. If a ∈ Mc, then

∥σ(a−1)∥∞ =
1

minv |σv(a)|
≤ 1

cH(a)
≤ 1

c
.

Thus Ec is bounded.
The set

Dc := {x ∈ V : ∥x∥∞ ≤ 1, min
v

|xv| ≥ c∥x∥∞}

is bounded and Jordan-measurable, with nonempty interior. By (22),

(26) #{a ∈ Mc : H(a) ≤ T} ≍L,c T
n.

Choose sL > 0 such that

∥σ(a)− σ(b)∥∞ ≥ sL (a ̸= b in OL).

For distinct a, b ∈ Mc with H(a),H(b) ≤ T , choose a coordinate v such that
|σv(a− b)| ≥ sL. Then

∥σ(a−1)− σ(b−1)∥∞ ≥ |σv(a− b)|
|σv(a)| |σv(b)|

≥ sL
T 2

.

Taking T = (sL/(2ε))
1/2 and using (26) proves the lower bound in (25).

For the upper bound, cover all reciprocals with H(a) ≤ T individually, at
a cost of OL,c(T

n) sets. The remaining reciprocals lie in the sup-norm ball
of radius 1/(cT ) centered at 0. A sup-norm ball in V of radius R can be
covered at scale ε ≤ R by On((R/ε)n) sets. Thus the tail costs OL,c((εT )

−n)

sets. Taking T = ε−1/2 gives the matching upper bound. □

The same proof applies to any order O ⊂ L, with the implied constants
allowed to depend on O and c.
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4.3. Definite quaternion orders. Let A be a definite quaternion algebra
over Q. Identify A ⊗Q R with Hamilton’s quaternion division algebra H ≃
R4. Write nrd for the reduced norm and equip H with the multiplicative
Euclidean norm

|x| :=
√
nrd(x).

All covering numbers in this subsection use its induced metric.

Proposition 4.3 (Definite quaternion orders). Let O be an order in A.
Then

(27) N({x−1 : 0 ̸= x ∈ O}, ε) ≍O ε−2 (ε ↓ 0).

In particular, the reciprocal set has box dimension 2.

Proof. The order O is a rank-4 lattice in H. For 0 ̸= x ∈ O, the reduced
norm is a positive integer, so |x| ≥ 1. Lattice counting gives

#{0 ̸= x ∈ O : |x| ≤ T} ≍O T 4.

Moreover, by Remark 2.2,

|x−1 − y−1| = |x− y|
|x| |y|

.

For the upper bound, split at T = ε−1/2. The head costs OO(T
4) sets.

The tail lies in the Euclidean ball of radius T−1 centered at 0, which costs
O((εT )−4) sets.

For the lower bound, choose sO > 0 such that

|x− y| ≥ sO (x ̸= y in O).

Take T = (sO/(2ε))
1/2. Distinct nonzero x, y ∈ O of norm at most T have

reciprocals separated by at least 2ε. Therefore

N({x−1 : 0 ̸= x ∈ O}, ε) ≫O T 4 ≍O ε−2. □

5. Finite-generation consequences and further questions

5.1. Finite generation. We now separate the multiplicative input in Saito’s
argument from the reciprocal dimension calculation.

Let K be a field equipped with a multiplicative absolute value satisfying
the triangle inequality. The following zero-exponent observation requires no
ambient ball-covering hypothesis.

Proposition 5.1 (Subpolynomial growth). Let M ⊂ K× be nonempty, with
|x| ≥ 1 and every M(T ) finite. If

AM (T ) = T o(1) (T → ∞),

then dimB(M
−1) = 0.
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Proof. At scale ε, cover M(2/ε)−1 point by point. Every remaining recip-
rocal has absolute value less than ε/2, so the remaining set has diameter at
most ε. Therefore

N(M−1, ε) ≤ AM (2/ε) + 1 = ε−o(1),

and the result follows. □

For π1, . . . , πk ∈ K×, write

⟨π1, . . . , πk⟩ := {πm1
1 · · ·πmk

k : m1, . . . ,mk ∈ Z≥0}.

Corollary 5.2 (A finite-generation obstruction). Let M ⊂ K× satisfy |x| ≥
1. Suppose that M−1 is totally bounded and dimB(M

−1) > 0. Then there
do not exist a finite set U ⊂ K× with |u| = 1 for every u ∈ U , and elements
π1, . . . , πk ∈ K× with |πj | > 1, such that

M ⊂ U⟨π1, . . . , πk⟩.

Proof. Under such a containment,

AM (T ) ≤ #U
k∏

j=1

(
1 +

log T

log |πj |

)
≪ (1 + log T )k.

Proposition 5.1 therefore gives dimB(M
−1) = 0, a contradiction. □

Equivalently, the containing reciprocal set is a finite union of products of
contracting geometric rays.

No freeness or uniqueness of factorization is required in the preceding
argument. Relations among generators can only decrease the number of
distinct elements.

In particular, a monoid M ⊂ K× satisfying |x| ≥ 1 and having positive
counting exponent cannot be finitely generated. If it were, its absolute-
value-1 elements would form the finite set M(1), while each remaining gen-
erator would have absolute value greater than 1. The preceding count would
contradict positive counting exponent.

If there were only finitely many rational primes, then they would gen-
erate N, contradicting (1). This recovers Saito’s argument [Sai19]. The
same reasoning applied to the monoid Mq in light of (15) proves that Fq[t]
has infinitely many monic irreducible polynomials. Applied to the nonzero
Gaussian integers in light of (16), the argument proves that there are infin-
itely many Gaussian primes up to multiplication by units.

The applications just described require existence, but not uniqueness, of
factorization into irreducibles; their infinitude conclusions also follow from
the counting obstruction.

For a number field L, if the nonzero prime ideals of OL were p1, . . . , pk,
then unique factorization of ideals would give

(Spr
L )−1 ⊂ S−1

L ⊂
k∏

j=1

{N(pj)−m : m ∈ Z≥0};
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the right-hand side has upper box dimension 0, contradicting Theorem 4.1.

Remark 5.3 (Denominator zeta series). For M as in Theorem 1.1, define

ζM (w) :=
∑
x∈M

|x|−w, |x|−w := exp(−w log |x|) (w ∈ C).

Its abscissa of absolute convergence equals the counting exponent α: dyadic
summation gives convergence for σ = ℜw > α, while for 0 ≤ σ < α the
sum over M(T ) is at least T−σAM (T ) = Tα−σ+o(1) → ∞; for σ < 0, the
summands do not tend to 0. For uniformly discrete Euclidean denominator
sets, this exponent agrees with Saito’s upper zeta dimension [Sai18]. Propo-
sition 3.3 shows that this abscissa, even together with uniform discreteness,
does not determine reciprocal box dimension.

5.2. A closing question. Our sparse examples show that counting growth
and uniform discreteness need not force critical-scale packing. Thus, we may
ask the following.

Question. Which verifiable algebraic or arithmetic hypotheses imply the
annular estimate (11), or at least all-scale critical-scale packing, for families
without an explicit lattice model?

Any such criterion must control must control metric concentration at the
height-dependent critical scale, not merely exclude exact algebraic contain-
ment.
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