CONSECUTIVE DIVISORS OF SUMS OF FIBONACCI
POLYNOMIALS: A LUCA-MARQUES ANALOGUE IN
FINITE-FIELD POLYNOMIAL RINGS

SCOTT DUKE KOMINERS

ABSTRACT. We construct an infinite family of pairs of consecutive monic polynomials
in Fq[T] such that both polynomials divide the same Fibonacci-polynomial sum—
specifically, the sum whose upper index is one less than the pair’s common norm. This
gives a function-field counterpart of the divisibility condition in the Luca—Marques
theorem on consecutive integral arithmetic means of Fibonacci numbers.

1. INTRODUCTION

Answering a question of Fatehizadeh and Yaqub [YF22], Luca and Marques [LM25]
proved that there are infinitely many positive integers n for which both

n 1 n+1

1
ﬁZFj and n—l—l;FJ

are integers, where F), denotes the Fibonacci sequence, with Fy = 0 and F; = 1.! Since

n
> Fj=Fua—1,
j=1

the Luca—Marques [LM25] result is equivalently the simultaneous congruence statement
n\Fn+2—1, Tl+1|Fn+3—1

for infinitely many n.
This note proves a norm-indexed polynomial analogue over finite fields. Fix a prime
power g with ged(q,6) = 1. In Fy[T], define the Fibonacci-polynomial sequence

Gy =0, Gi1 =1, G, =TG,-1+Gn_2 (n > 2),
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and its Lucas companion
Lo =2, L =T, L,=TL, 14 Ly,_o (TL > 2)
For a nonzero polynomial A € F,[T], put
Al = giee 4,

For N > 0, set

EN(T) = GN+1(T) + GN(T) — 1.
The recurrence defining G; gives

TGj=Gjn1—Gia (121,

and hence, with the empty-sum convention,
N
EN(T)=T)Y G;(T) (N =0).
j=1

We say that a nonzero polynomial A € Fy[T] is norm-Fibonacci-summable if
(1) ged(A,T) =1, and
(2) A& a-1(T).
Since &y = szzl G,(T), the coprimality condition ged(A,7T) = 1 makes the second
condition equivalent to
|Al-1

Al Gy(T).
j=1
Our main result is the following explicit construction.

Theorem 1.1. Let g be a prime power with ged(q,6) = 1. For every integer a > 1, set
k=2 and
B = Ly.

Then B is monic, B+ 1 is monic, and both are norm-Fibonacci-summable over Fy[T.
More precisely,

Gk
B+1= G
and, with
N=g¥* _1=glsB _1_ qdeg(B+1) —1,
we have
N
B(B+1)| ) G4(T).
j=1

In particular, there are infinitely many monic polynomials B € Fy[T] such that both B
and B + 1 are norm-Fibonacci-summable.
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The proof separates into two elementary parts. The polynomial part is a period-
doubling lemma: if a polynomial divides G, with r even, then it divides £y whenever
2r | N. The integer part is the simple observation that, for k& = 2% the hypothesis
ged(gq, 6) = 1 implies

2k | % — 1.
Together the preceding facts force the required divisibilities for
G
B=1y and B+1= 23k
G

2. PRELIMINARIES

All polynomial divisibilities and congruences in what follows are taken in Fy[T.
Integer divisibilities, such as 24k | ¢*% — 1, are taken in Z. Congruences between
matrices are understood entrywise.

A direct induction shows that G,, is monic of degree n — 1 for n > 1, and that L,, is
monic of degree n for n > 1.

Set

M= <:1F é) € GLa(F,[T)).

M = <G"+1 G > (n>1).

Then

G, Gp_1
Taking determinants gives Cassini’s identity
Gri1Gno1 — G2 = (-1)™.
In a splitting field of X2 — TX — 1 over F,(T), let @ and § be the two roots. Then
a+p8="T, af =—1, B:—ofl.

Because ged(g,6) = 1, the characteristic of Fy is not 2, so the roots are distinct. The
standard Binet formulas give

Go=C"P s
P
Thus
Gom = G L.

Also, for k > 1, the identity 2® — y3 = (x — y)(2? + 2y + y?) gives
Gar = G, (a% +(aB)k + ﬁ%) .
Hence Gy, | G, and
Gsi
Gy,

For even k, this becomes

_ 042k + (aﬂ)k—i-ﬁ% _ L2k+ (—l)k.
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Henceforth, for even k, set
By, := Lo, Cp,:=Bp+1=—".

Both By, and C}, are monic of degree 2k. Also, evaluating the Lucas recurrence at T' = 0
gives

Bi(0) = Lok (0) =2,  Ck(0) = 3.
Because ged(g, 6) = 1, both constants are nonzero in F,. Therefore

ged(By, T) = ged(Cy, T) = 1.

Moreover,
|Be| —1=[Ck| —1=¢"—1.

3. A PERIOD-DOUBLING LEMMA

Lemma 3.1. Let H € F[T] be nonzero, and let r be a positive even integer. If H | Gy,
then
M?* =1 (mod H).
Consequently, for every positive integer N with 2r | N, we have
H | é&n.

Proof. Since H | G, the matrix formula for M" gives
M" = (GTOH G?_1> (mod H).
The recurrence gives
Gr+1 - Grfl = TGT‘7
so that
Gry1=Gr-1 (mod H).

Hence, we have
M" =Gr41I (mod H).
Taking determinants yields
G3+1 =det(M")=(-1)"=1 (mod H),
because r is even. Therefore
M? =1 (mod H).
If 2 | N, then MY =T (mod H). Comparing entries in
N Gyny1 Gy
M= ( Gn GN_l)
gives
Gy =0 (mod H), Gy+1 =1 (mod H).
Thus, we have
EN=GNt1+Gny—1=0 (mod H),
as required. ]
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Remark. The factor of 2 in Lemma 3.1 is essential. The congruence H | G, forces only
G7 =1 (mod H),
not necessarily
Gry1=1 (mod H).
4. AN ELEMENTARY INTEGER INPUT
Lemma 4.1. Let q be a prime power with ged(q,6) =1. If a > 1 and k = 2%, then
24k | ¢?* — 1.

Proof. Since ¢ is odd,
?=1 (mod 8).
We use the elementary observation that if z =1 (mod 2™) with m > 3, then
=1 (mod 2™,
Indeed, writing z = 1 4 2™u, we have
x2 o 1 — 2m+1u + 22mu2’
which is divisible by 27*1.
Starting from ¢?> = 1 (mod 8) and iterating this observation a times gives
(@* =¢* =1 (mod 29%3).
Since 3 1 ¢, we also have
?=1 (mod 3),
and hence
¢®* =1 (mod 3).
and 3 are coprime, it follows that

3.2a+3 | q2k; _ 1

Because 2013

But of course
3.2013 = 94.92% = 24,
so we have
24k | ¢?* — 1. O

5. A SUFFICIENT CRITERION

Proposition 5.1. Let q be a prime power with ged(q,6) = 1, and let k be an even
positive integer such that
24k | ¢** — 1,
and set
By, = Lo, Cr=Bpr+1=——.

Then By and Cj, are norm-Fibonacci-summable. More precisely, with

N:q2k_17
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we have
N
BiCr | Y G4(T).
j=1

Proof. As noted in Section 2, both By and Cj, are monic of degree 2k; both are coprime
to T'; and
[Bil = 1=|Ci| —1=¢*" —1=N.

First consider

Since Cy | Gk, and since 3k is even, Lemma 3.1 applies with
H = Cy, r = 3k.

Because
2r = 6k | 24k and 24k | N,
we obtain
Ck | En.
Next, the identity

Gyr = GogLog
shows that

By = Lo, | Gug.

Since 4k is even, Lemma 3.1 applies with
H = By, r = 4k.

Because
2r = 8k | 24k and 24k | N,

we obtain
By, | EnN.

Now, since
N
En =T G(T),
j=1

and Bj and C}, are each coprime to T', the divisibilities
By | En and Cr | En
imply that

N N
Be| Y Gi(T) and  Ci|> Gy(T).
j=1 j=1

Finally, Cy, = By + 1, so ged(By, Cx) = 1. Therefore

N
BiCy | Y Gi(T).

=1

In particular, By and C} are norm-Fibonacci-summable. O
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6. PROOF OF THEOREM 1.1

Let a > 1, and set kK = 2%. Then k is even, and Lemma 4.1 gives

24k | ¢?* — 1.
Proposition 5.1 therefore applies to
B = L2k7
this proves that B and
Gy
B+1=—
+ G
are both norm-Fibonacci-summable, and indeed that
q2k_1
B(B+1)| > G4(T)
j=1

Finally,
deg B = deg Loy, = 2k = 29+,

which tends to infinity as a — oo. Hence the construction gives infinitely many distinct
monic polynomials B € F,[T] with the desired property. O

7. AN EXAMPLE: ¢ =5, k=2
Let g=5and a =1, so k=2. Then
N=5"-1=624, 24k =48] 624.
The construction gives
By =Ly =T*44T% + 2, Bo+1=T*+4T?+3

in F5[T]. Moreover,

Since By | Gg and Bs + 1 | Gg—and 16 | 624 and 12 | 624—Lemma 3.1 gives
By | €624, Ba + 1| Eg24;
their product is
Bo(By 4 1) = T8 4 37% + 7% 4 1.
As both factors are coprime to T, it follows that

624
T+ 3T+ T+ 1> G4(T)
j=1

in Fg, [T] .
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8. REMARKS

Our construction for finite-field polynomial rings is simpler than its integer counter-
part in one important respect: the consecutive pair is produced by an identity before
any congruence argument is made. For even k,

so choosing
By, = Loy
automatically gives the consecutive pair
By, Bi + 1.

The remaining work is only to force both members of the pair to divide the same
norm-indexed sum.

The period-doubling lemma reduces the required polynomial congruences to two
integer-divisibility conditions. Indeed,

Gy
B 1=—"1|d
e ar | Gy,

so B + 1| En follows once

6k | N.
Similarly,
By, = Loy | Gug,
so By | En follows once
8k | N.

Thus it is enough to have
lem(6k, 8k) = 24k | N.
For k£ = 2% Lemma 4.1 supplies exactly this with
N = q% — 1.

No primitive-divisor theorem is needed for this explicit infinite family.
The sufficient criterion in Proposition 5.1 is broader than the power-of-two family
used in Theorem 1.1: any even positive integer k satisfying

24k | ¢** -1

gives a version of the same construction. The choice k = 2% is used because it gives a
uniform elementary infinite family for every ¢ with ged(q,6) = 1.

The hypothesis ged(q,6) = 1 enters the argument in several elementary ways. The
condition char(F;) # 2 ensures that the roots of X2 — TX — 1 are distinct and also
gives

=1 (mod8).
The condition char(FF,) # 3 gives

=1 (mod 3).
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Together these congruences supply the factor 24k in Lemma 4.1. The same hypothesis
also ensures that

By(0) =2 and (Br+1)(0) =3
are nonzero in F,, so both By and Bj 4 1 are coprime to 7. In characteristics 2
or 3, both the coprimality condition and the period-forcing argument would require
modification.

Finally, we note that the choice of the index |A| — 1, rather than |A|, is not merely
an artifact of the construction. Appendix A shows that, for ¢ odd and d > 1, the
polynomial Zgil G has no divisor of degree d; equivalently, no polynomial A of degree
d and coprime to T' can satisfy
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APPENDIX A. A SHIFTED-INDEX OBSTRUCTION

For N > 1, write

Sn(T) =) G4(T).

Jj=1

Proposition A.1. Assume that q is odd. Let d > 1, and put Q = q*. Then Sq has
no divisor of degree d in Fy[T]. Consequently, no polynomial A € F,[T] with deg A =d
and ged(A,T) =1 satisfies

Proof. The key point is that every root of Sq lies in F 2q, but no root lies in F . We
first prove this root-field statement, and then translate it into a degree obstruction.

Put
—1
D=T2+4, h:QT.

Let o and 3 be the roots of X? —TX — 1 in a splitting field over Fy(T). Since @ is a

power of char(F,), the Q-power map is Frobenius. Hence the Binet formulas give

0?52 _(a=B)°
a—pf a—pf

Gq = =(a— )9t =D",

and
Lo=a%+8%=(a+p)? =19
The identity
2Gn+1 =L,+TG,
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therefore gives
T9 +TD"

5 .
Also, summing T'G; = Gj41 — Gj—1 from j =1 to Q gives

TSg=Gg41 +Gg — 1.
Combining these identities, we obtain
T9 + (T +2)D" -2
5 .

At T = 0, the recurrence gives Ga;,,(0) = 0 and Gay,41(0) = (—1)™. Since @ is odd,
direct summation gives

Gt =

(1) TSg =

(Q@-1)/2 1
Se)= Y (-1m =3
m=0

in Fy. Thus T { Sq.
Now let P be an irreducible factor of Sg, let
r = deg P,
and let § € F, be a root of P. Since T { S, we have 6 # 0. Set
§=06%+4, u ="
Evaluating (1) at T' = 6 gives
(2) 09 + (6 +2)u —2 = 0.
We first rule out 6 = 0. If § = 0, then v = 0, and (2) gives #9 = 2. Squaring and
using 02 = —4, we obtain
4=0% = (—4)¥ = —4,
which is impossible because ¢ is odd. Therefore
d #0.
Since § # 0, we have
u2 :5Q_1 = g = 792@4_4
§ 62 +4°
Using 09 = 2 — (6 + 2)u from (2), this becomes
(0> + 4)u® = (2 — (04 2)u)? + 4.
After simplification,
0=4(0u® — (0 +2)u+2) =4(u—1)(fu —2).
Since ¢ is odd, either
u=1 or Ou = 2.

The root equation (2) therefore yields

-0, ifu=1,
09 =

—4/0, if fu = 2.
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In either case, applying the Q-power map once more gives
69" = 9.
Indeed, if 09 = —0, then
09" = (—6)? = 09 =0,
while if 69 = —4/6, then

Q
e B D S B
0 6< —4/6
Thus
0 e Fy2a.
On the other hand, 0 ¢ F,a. For if 69 = 0, then the alternative u = 1 would give
0=-0,
hence 6 = 0, contradicting 8 # 0. The alternative fu = 2 would give
4
0=——
9 )

hence 6% = —4, contradicting § # 0. Therefore
0 e ]Fq2d \qu.
Since ¢ has degree r over [y, the standard finite-field criterion gives
r|2d but rtd.
Write
d= 2Vd0, do odd.
If | 2d but 7 { d, then 2“1 | r. Hence every irreducible factor of Sg has degree
divisible by 2*1. Tt follows that the degree of every nonzero divisor of S is divisible
by 2VF1. But d = 2¥dp is not divisible by 2“*1. Therefore Sg has no divisor of degree

d.
For the final assertion, let A € F,[T] have degree d and satisfy gcd(A,T) = 1. Then

Al =q¢"=Q
and
5|A| = 5@ = TSQ.
If A| &g, then A | T'Sq. Since ged(A,T) = 1, this would imply A | Sg, contradicting
the first part of the proposition. O
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