SPARSITY OBSTRUCTIONS FOR ABELIAN POWER
COMPOSITIONS OF ODD BASE DEGREE
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ABSTRACT. Motivated by prior work on abelian monogenic trinomials,
we classify irreducible abelian trinomial power compositions of odd base
degree and explore the structural results underlying the classification. If
m>3isodd,n>1,1<k<m,and a,b € Q*, then

xmn +CLZEkn + b

can be irreducible with abelian Galois group only if (m,n) = (3, 1); the
surviving pair is realized by 2® — 3z + 1.

More generally, let f € Q[y] be monic of odd base degree m. If f(z™)
is irreducible with abelian Galois group, then n = 2° for some ¢ > 0.
When n > 2, f has full coefficient support; the exponent and full-support
conclusions are jointly sharp, since every odd m and every n = 2¢, £ > 1,
are realized. When n = 1 and m > 3, a gap-sensitive form of Descartes’s
rule requires at least (m + 3)/2 nonzero terms. Equality holds for every
m =3",r > 1, and also for m = 5.

We also characterize exponent-2 normal compositions: f (acz) is irre-
ducible and normal exactly when a root of f is a rational nonsquare
times a square in its root field and the Galois closure of that field lies in
the extension obtained by adjoining the corresponding square root; this
permits the lacunary normal nonabelian example 2° 4+ 108. For arbitrary
n, normality forces ¢(n) | mn; in cubic base degree we determine all n
satisfying this condition and realize its two possible odd prime divisors
at exponents 6 and 14.
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1. INTRODUCTION

1.1. Power compositions and the motivating problem. Let
m
f) =y €eQyl, cem=1 Fux)=f(") (n=>1).
i=0

We call f the base polynomial, m its base degree, and n the composition
exponent; the total degree of F;, is mn. The composition is nontrivial when
n > 2. We write
supp(f) ={i: ¢; # 0}

for the coefficient support of f. We say that f has full support if supp(f) =
{0,...,m}, and that it is lacunary otherwise. Because the substitution
y = z" sends y* to 2™, the base and the composition have the same number
of nonzero terms."

Throughout, an irreducible polynomial over Q is called abelian if the Galois
group of its splitting field over Q is abelian. Power composition imposes a
symmetry that is difficult to reconcile with abelianness: if a # 0 is a root of
F,,, then a( is also a root for every n-th root of unity (. We examine how
this rotational symmetry constrains the composition exponent and coefficient
support when the base degree is odd.

The motivating problem concerns abelian monogenic trinomials. A monic
irreducible polynomial F € Z|z], with root 6, is said to be monogenic
if Ogg) = Z[0]; equivalently, {1,0,...,0% =11 is an integral basis [1,
Section 4.4.1]. A series of papers by Jones [8, 6, 7, 5] has studied trinomial
power compositions that are simultaneously abelian and monogenic in several
low-degree families; these problems combine an arithmetic integral-basis
condition with the Galois-theoretic constraint of abelianness.

We begin with the cubic-base case and find that its obstruction extends
uniformly to every odd base degree. A monic cubic trinomial with nonzero
constant term has one of the two forms

f)=v’+ay+b  or  fly) =y’ +ay’+b,
with a,b € Z and ab # 0; its power compositions are therefore
" +az™ + b and 3" + az®™ + b.

Our first main result shows that for cubic base degree, the integral-basis
condition is not needed: irreducibility and abelianness already exclude every
nontrivial composition in both families. In fact, the argument requires no
integrality and extends uniformly to every odd base degree.

Theorem 1.1 (Trinomial classification). Let m > 3 be odd, let n > 1, let
1<k<m,andlet a,b e Q*. If

™ 4 CLIL‘kn +b
INote that we use the terms full support and lacunary relative to the base degree m.

Although f and F,, have the same number of nonzero terms, F;, itself has zero coefficients
at every exponent not divisible by n when n > 2.
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1s irreducible over Q with abelian Galois group, then
(m,n) = (3,1).

The exceptional pair is realized: > — 3z + 1 is irreducible and has Galois
group cyclic of order 3. Thus Theorem 1.1 classifies the possible pairs (m,n)
in every odd base degree m > 3—and the uncomposed cubic pair is the
only one that occurs. For the motivating cubic problem, this shows that
the obstruction is independent of the integral-basis condition: irreducibility
and abelianness already reduce both families to the uncomposed case n =1
(Corollary 5.2), where Jones’s classifications of abelian monogenic cubics

apply.

1.2. The abelian dichotomy. Theorem 1.1 is the smallest-support case of a
more general structural dichotomy. For a nontrivial composition, abelianness
forces the composition exponent to be a power of 2 and the base polynomial
to have full support. In the uncomposed case, odd-degree abelianness makes
the base totally real, and a gap-sensitive form of Descartes’s rule gives a
weaker support bound.

Theorem 1.2 (Abelian dichotomy). Let f € Q[y] be monic of odd base
degree m > 3, let n > 1, and suppose that F,(x) = f(z™) is irreducible over
Q with abelian Galois group. If

t = [supp(f)l,
then n = 2¢ for some £ >0, and

t>m+3

ifn=1, whereas t=m+1 ifn>2.

Because substitution preserves support size, t is also the number of nonzero
terms of F,,. The trinomial classification is therefore the case ¢t = 3: the
nontrivial branch is impossible, while the uncomposed branch forces m = 3.

The two branches have different sharpness statements. In the uncomposed
branch, the bound (m + 3)/2 is attained for every base degree m = 3", r > 1,
by the Chebyshev family in Proposition 4.3; it is also attained at m =5 in
Example 4.4. It remains open whether equality occurs for every odd base
degree. By contrast, the nontrivial branch is sharp in complete generality:
Proposition 5.4 realizes every odd m > 1 and every composition exponent
n = 2¢ (¢ > 1), by a base polynomial whose coefficients are all positive.
Accordingly, Theorem 1.1 gives an exact classification of the possible pairs
(m,n) in all odd base degrees; the more limited sharpness assertion concerns
equality in the general support bound at n = 1.

1.3. Ideas of the proof. Write ¢ for Euler’s totient function. Three
mechanisms underlie Theorem 1.2. First, irreducibility and abelianness
descend from F), to F, for every divisor e | n. If a is a root of Fg, then a(,
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is another root. For an irreducible abelian polynomial, the field generated
by one root is already the splitting field, and hence
@
Ce = Ge € Q).

Q

It follows that ¢(e) | me. Taking e = p prime gives p — 1 | m; because m is
odd, this excludes every odd prime divisor of n.

Second, if n > 2, then the surviving exponent is a power of 2, and divisor
descent reduces the coefficient problem to Fy(z) = f(2?). Let 3 be a root
of f, put E = Q(8), and choose a with a? = 3. The abelian structure of
Q(a)/Q yields

B8 = dv?
for a rational nonsquare d and some v € E*. The odd-degree abelian
extension F/Q is totally real, so every conjugate of § has the sign of d.
Vieta’s formulas then force every coefficient of f to be nonzero and determine
its sign pattern. Theorem 3.1, stated and proved in Section 3, records these
stronger conclusions.

Finally, if n = 1, the splitting field of f has the odd degree m and is
therefore totally real. Applying Descartes’s rule simultaneously to f(y) and
f(—y) records not only coefficient signs but also the parities of the gaps in
supp(f). This gap-sensitive count yields ¢ > (m + 3)/2 and identifies the
equality pattern. The distinction between these last two arguments explains
why the bases of nontrivial abelian compositions have full support, whereas
uncomposed abelian polynomials need not.

1.4. Related work. The problem lies at the intersection of results on power
compositions, abelian polynomials, and monogenicity. At base degree m =1,
Schinzel [11, 12] characterized irreducible abelian binomials; in particular,
the composition exponent must be a power of 2. At base degree m = 2,
Jones classified the abelian monogenic trinomials

22" +ax™ +b

into seven explicit, pairwise-disjoint classes [8, Theorem 1.4]. At cubic base
degree m = 3 and composition exponent n = 2—hence total degree 6—Jones
proved that neither cubic-base trinomial shape above can be an irreducible
cyclic sextic [6, Theorem 1.1(1)]—this is the relevant abelian case because
an irreducible abelian sextic has cyclic Galois group of order 6; Jones later
recovered the conclusion in his work on monogenic even sextic trinomials [7,
Corollary 3.2].

More generally, power compositions have been studied from the viewpoints
of irreducibility, Galois groups, index questions, and monogenicity [3, 9].
Harrington and Jones constructed infinite families of nontrivial monogenic
trinomial compositions [4]; thus monogenicity by itself does not produce
the type of obstruction identified for abelianness here. Once Theorem 1.1
reduces the motivating problem to n = 1, the remaining cubic families
connect directly with Jones’s work on abelian monogenic cubics [5].
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1.5. Normality as a boundary case. Our proof uses commutativity in
two distinct ways: it forces a root field to be the splitting field, and it makes
every intermediate field Galois over Q, enabling divisor descent. To separate
these roles, we also study normal polynomials. An irreducible polynomial
F € Qlz] is normal if the field generated by one, equivalently every, root is its
splitting field; its Galois group need not be abelian. Root rotation therefore
remains available at the original composition exponent, but normality need
not descend to its divisors. Vélez studied the binomial case [13].

For exponent 2, Theorem 3.3 gives an exact criterion. If g is a root of
the odd-degree irreducible base f, E = Q(f), and E is the Galois closure of
E/Q, then f(x?) is irreducible and normal exactly when there are a rational
nonsquare d and v € E* such that

B=dv®* and EC EWd).

The splitting field is then E(v/d). The closure condition measures precisely
what is lost when commutativity is removed. If d > 0, the splitting field
is totally real and Vieta’s formulas again force every coefficient of f to
be nonzero. If d < 0, coefficient nonvanishing can fail: the cubic base
f(y) = y® + 108 gives the irreducible normal polynomial 2% + 108, whose
Galois group is S3. Thus the abelian lacunarity obstruction does not extend
to normal nonabelian compositions.

For arbitrary n, root rotation still forces ¢(n) | mn whenever F, is
irreducible and normal. In particular, because m is odd, no odd composition
exponent n > 2 can occur. At cubic base degree, Theorem 6.6 solves the
numerical condition completely: the positive integer solutions of ¢(n) | 3n
are

n=1, n=2", n=2"3% or n=2"7°

where r > 1, and s > 1 in the last two families. This list is only a necessary
condition, not an existence theorem for every entry. Nevertheless, the same
theorem realizes its two possible odd prime divisors: for each p € {3,7}, it
constructs a monic irreducible cubic f, € Z[y] such that f,(z?P) is irreducible
and normal, whereas f,(2?) is irreducible but not normal.

1.6. Organization of the paper. Section 2 proves divisor descent and
the root-of-unity restriction. Section 3 analyzes exponent 2 and proves the
detailed abelian structure theorem and the normal square-class criterion.
Section 4 develops the gap-sensitive form of Descartes’s rule and proves
Theorems 1.2 and 1.1. Section 5 derives the lacunarity obstruction, applies
the trinomial classification to the motivating cubic monogenic families, gives
the sharpness constructions, and proves a cyclotomic consequence. Section 6
develops the normal nonabelian case and proves Theorem 6.6. Section 7
records a few remaining questions.
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2. DIVISOR DESCENT AND ROOTS OF UNITY

The nontrivial-composition branch begins with two elementary mechanisms.
Irreducibility and abelianness descend to every divisor of the composition
exponent, while root rotation forces cyclotomic information into each de-
scended root field. We begin with the standard fact that a root field of an
irreducible abelian polynomial is already its splitting field; the short proof is
included for completeness.

Lemma 2.1. Let F' € Q[z] be irreducible with abelian Galois group, and let
a be a root. Then Q(«) is the splitting field of F. In particular,

(Q(a) : Q] = deg F.

Proof. Let L be the splitting field, G = Gal(L/Q), and let H < G be the
stabilizer of a. For ¢ € G and h € H, commutativity gives

hg(@)) = g(h(a)) = g(a).
Thus H fixes every conjugate of «, hence fixes their splitting field L. Therefore
H is trivial, and L = Q(«). O

We also record the elementary archimedean consequence of odd Galois
degree.

Lemma 2.2. Every finite Galois extension L/Q of odd degree is totally real.

Proof. Fix an embedding L C C. Since L/Q is Galois, complex conjugation
restricts to an element of Gal(L/Q) whose order divides 2. The group has
odd order, so this element is trivial. Thus L C R, and normality then shows
that every embedding of L has real image. O

We next prove divisor descent and the root-of-unity restriction together.
The proposition generalizes Jones’s quadratic-base argument [8, Lemma 2.1]:
its first part descends to a convenient divisor of n, and its second applies
root rotation there.

Proposition 2.3. Let f € Q[y] have degree m > 1, and suppose that f(z™)
is irreducible over Q with abelian Galois group.
(1) If e | m, then f(x€) is irreducible over Q with abelian Galois group.
(2) Ife | n, then p(e) | me. In particular, if p | n is prime, then p—1 | m.

Proof. Fix e | n and write h = n/e. A nontrivial factorization of f(x°)
would remain nontrivial after the substitution z — z", contradicting the
irreducibility of
Fa®) = f((=")°).

Let L, and L. be the splitting fields of f(z") and f(x), respectively. If
7 is a root of f(z¢), choose § with 8" = ~. Then ¢ is a root of f(z"), so
v = 6" € L,,. Hence L, C L,,. Every subextension of an abelian Galois
extension is Galois and abelian, proving the first assertion.
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Having descended to e, we apply root rotation. The case e = 1 is immediate,
so suppose that e > 1. By the first assertion, f(z¢) is irreducible and
abelian. Let « be a root and let (. be a primitive e-th root of unity. Since
deg f(x€) = me > 1, irreducibility forces o # 0, and f((a(.)¢) = f(a®) = 0.
By Lemma 2.1,

0t €Q@), G =2 cQa).

(07

Consequently,

p(e) = [Q(C) : Q] | [Q(a) : Q] = me.
Taking e = p for a prime p | n gives p — 1 | mp. Since ged(p — 1,p) = 1, it
follows that p — 1 | m. O

For odd base degree, the prime-divisor restriction has an immediate parity
consequence.

Corollary 2.4. Under the hypotheses of Proposition 2.3, if m is odd, then
n =2 for some £ > 0.

Proof. If an odd prime p divided n, then the even integer p — 1 would divide
the odd integer m, which is impossible. U

3. COMPOSITIONS WITH EXPONENT 2

For the abelian problem with odd base degree, Corollary 2.4 leaves only
powers of 2, and divisor descent reduces every nontrivial case to f(z%). The
following theorem records the resulting field and coefficient structure.

Theorem 3.1 (Abelian structure theorem). Let n > 1, and let

fly) =y™ + em—1y" T+ ey te € Qly]

be monic of odd base degree m > 1, and put ¢, = 1. Suppose that f(z™) is
irreducible over Q with abelian Galois group. Then:

(1) for every divisor e | n, the polynomial f(x) is irreducible over Q
with abelian Galois group;

(2) for every divisor e | n, one has p(e) | me; in particular, every prime
p | n satisfies p— 1 | m, and hence n = 2° for some £ > 0;

(3) if n > 2, all the roots of f are real, nonzero, and have the same sign;

(4) if n > 2, every coefficient ¢; is nonzero. If the roots are negative,
then c¢; > 0 for 0 < i < my; if the roots are positive, then

(~D)™ ;>0 (0<i<m).

The proof of Theorem 3.1 passes through a more general analysis of normal
exponent-2 compositions. We first characterize normality and then impose
commutativity to obtain the abelian square-class criterion.

The group-theoretic input is a standard consequence of the regular per-
mutation representation; again, we include the short proof.
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Lemma 3.2. Let G be a finite group of order 2m, where m is odd. Then G
has a normal subgroup A of order m consisting exactly of the elements of
odd order. It is the unique subgroup of index 2, and

G=Ax(T),
for every involution T € G.

Proof. Embed G in the symmetric group on its underlying set by the left
regular action, and let € : G — {£1} be the sign character. If g has order
r, then its regular permutation is a product of 2m/r disjoint r-cycles, and
hence
E(g) — (_1)(2m/r)(r71)'

This sign is 1 when r is odd. If » = 2s, then s | m and m/s is odd, so the sign
is —1. Thus A = kere is exactly the set of elements of odd order. Cauchy’s
theorem supplies an involution, so ¢ is surjective and |A| = m.

Any subgroup of index 2 has odd order and is therefore contained in A, so
it equals A. For an involution 7, one has AN (1) = {1} and |A(7)| = 2m, so
G=Ax(T). O

For r > 1, write C,. for the cyclic group of order r, and write Q*? = {¢? :
q € Q*}. Let E denote the Galois closure of a number field E inside a fixed
algebraic closure of Q. We now prove the normality criterion stated in the
introduction.

Theorem 3.3 (Normal exponent-2 criterion). Let f € Q[y] be monic and
irreducible of odd base degree m. Let 3 be a root, put E = Q(8), and let E
be the Galois closure of E/Q. Then f(z?) is irreducible and normal if and
only if there are a rational nonsquare d and an element v € E* such that

B=dv® and ECEMd).
When these conditions hold, the splitting field is E(\/d).

Proof. Assume first that f(22) is irreducible and normal. Choose o with
a? = B3, and put K = Q(a). Then K/Q is Galois and

(K : Q] =2m, [E: Q] =m, [K: E] =2

Let G = Gal(K/Q), let A be the subgroup from Lemma 3.2, and put
F = K. The field F is quadratic, say F = Q(v/d) for a rational nonsquare
d. Since [E' N F : Q] divides both m and 2, one has E N F = Q. Hence

[EF : E] =2, [EF:Q]=2m=[K:Q),
so K = EF = E(v/d). Write
a=ut+vvd (uv€E).

The coefficient of v/d in o = § € E vanishes, so uv = 0. If v = 0, then
a € E, contradicting [K : E] = 2. Thus u =0, v # 0, and

a = vVd, B = dv?.
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Since K/Q is normal and contains FE, it also contains E.
Conversely, suppose that 8 = dv? and E C E(v/d). The odd degree of E
implies vd ¢ E. Set

o =vVd, K = E(Vd).
Then o? = 8, and Q(a) contains E = Q(B) and vd = a/v. Therefore
Q) = K and
[Q(a) : Q] = 2m = deg f(a?),

so f(z?) is the minimal polynomial of a.. For every Q-embedding o : K < Q,
o(E)CECK, o(d) =+Vd

Thus o(K) C K, and equality follows from the degrees. Hence K/Q is Galois,
so f(x?) is normal. O

The same argument also determines the group structure and shows exactly
how the Galois closure of the base field can sit inside the splitting field.

Proposition 3.4. Assume the equivalent conditions of Theorem 3.3, and
put

K=EWd), G=GCa(K/Q).
Let A be the subgroup from Lemma 3.2. Then
G~Ax 02.

Moreover, the following are equivalent:

(a) G~ A x Cy;

(b) G has a unique involution;

(¢) E/Q is Galois.
N Ezactly one of the following aﬁﬁwnatives holds.; either E/Q is Galois and
E =E, or E/Q is not Galois, [E: E] =2, and E = E(\/d).

Proof. The semidirect-product description follows at once from Lemma 3.2.
Since Q(v/d) is quadratic, Gal(K/Q(v/d)) has index 2 and hence equals A.
Thus, in either direction,

Q(Vd) = K4,

Let H = Gal(K/FE), which has order 2. The extension E/Q is Galois
if and only if H is normal in G. A normal subgroup of order 2 is central,
and then G = A x H. The nonidentity element of H is then the unique
involution because A has odd order. Conversely, if G has a unique involution,

the nonidentity element of H is that involution and is central. Hence H is
normal and E/Q is Galois. Finally,

ECECE(Wd), [EWd):E]=2,

so either E = F or E = E(v/d). The first equality holds exactly when E/Q
is Galois; otherwise the second holds and [E : E] = 2. O
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Imposing commutativity yields the square-class criterion used in the proof
of Theorem 3.1.

Proposition 3.5. Let f, 3, and E be as in Theorem 3.3. Then f(x?) is
irreducible with abelian Galois group if and only if E/Q is abelian and

8 = dv?
for some v € EX and d € Q% \ Q*2. Equivalently, the square class of 3 in
E*/E*? comes from a nontrivial rational square class.

When these conditions hold, the splitting field is E(\/&), its Galois group
is Gal(E/Q) x Ca, and all the roots of f are real and have the sign of d.

Proof. If f(z?) is abelian, then it is normal, and every subextension of its
splitting field is abelian. Theorem 3.3 therefore gives the stated square-class
representation and shows that £/Q is abelian.

Conversely, suppose that E/Q is abelian and 3 = dv?. Then E = E, so
Theorem 3.3 shows that f(z?) is irreducible and normal with splitting field
E(v/d). The fields E and Q(v/d) are Galois of coprime degrees, and hence

Gal(E(Vd)/Q) ~ Gal(E/Q) x Cs,

which is abelian. Finally, by Lemma 2.2, F is totally real; hence every
conjugate of 3 = dv? has the sign of d. O

We can now combine divisor descent with the abelian exponent-2 criterion
to prove the structure theorem.

Proof of Theorem 3.1. The first assertion is Proposition 2.3(1). The second
follows from Proposition 2.3(2) and Corollary 2.4.

Now suppose that n > 2. Since n is a power of 2, we have 2 | n. Proposi-
tion 2.3(1) shows that f(z?) is irreducible and abelian, so Proposition 3.5
shows that the roots 31,..., By of f are nonzero and have the same sign.

The field-theoretic part is complete; it remains to translate the common
sign into coefficient information. For 1 < j < m, let e; denote the j-th
elementary symmetric polynomial. Vieta’s formulas give

Cm—j = (—1)jej(51, e ,ﬁm)
If all B; are positive, each elementary symmetric function on the right is
strictly positive, giving the alternating sign pattern. If all §; are negative,
write §; = —v; with «; > 0; then

Cm—j = ej('yl, L. ,’)/m) > 0.

This proves the coefficient-sign assertions and completes the proof. ([l

4. SPARSITY IN THE UNCOMPOSED CASE

Theorem 3.1 forces the base polynomial to have full support whenever the
composition is nontrivial. We now turn to the uncomposed case n = 1, when
the base and total degrees both equal m. An irreducible abelian polynomial
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of odd degree m generates its splitting field, which also has degree m, and
is therefore totally real. The coarse estimate m < 2(t — 1) is the standard
sparse-polynomial consequence of Descartes’s rule. The following gap-and-
sign formulation retains the parity of each exponent gap and identifies the
equality case; it may also be viewed as an additive support refinement of de
Gua’s classical rule for a block of missing terms [2].

Proposition 4.1. Let
t—1
g(a:):Zajxej € Riz], D=e¢<e1<---<e1=m,
7=0

where every a;j is nonzero. Let Nyny(g) be the number of nonreal roots of g,
counted with multiplicity. Let r be the number of indices 0 < j <t —2 for
which ej41 — ej is odd, and let s be the number of the remaining indices for
which ajaji1 < 0. Then

Nye(g) >m—r—2s>m—2(t—1)+r.

Write V(h) for the number of sign changes in the sequence of nonzero
coefficients of h. If all the roots of g are real, then every exponent gap is 1
or 2, every gap of size 2 joins coefficients of opposite sign, and

m=r+2s=2(t—1)—r.

The numbers of positive and negative roots, counted with multiplicity, are
then V(g) and V(g(—x)), respectively. Consequently,
m+ 2 m+3
ex [, .

5 t>—— ifm is odd.

- 2
In the odd-degree case, equality in the final bound holds exactly when there is
one odd exponent gap.

Proof. Descartes’s rule of signs bounds the number of positive roots of g by
V(g) and the number of negative roots by V(g(—x)), where coefficients are
ordered by increasing exponent.

Consider two consecutive terms ajz® and aj12%+'. Passing from g(z) to
g(—x) preserves their relative signs when e;j1; — e; is even and reverses them
when the gap is odd. An odd gap contributes exactly 1 to V(g) + V(g(—x)).
An even gap contributes 2 when its endpoint coefficients have opposite signs
and 0 otherwise. Hence

V(g)+V(g(—=x)) =71+ 2s.

Since ¢(0) # 0, none of its roots is zero. The number of real roots is therefore
at most r + 2s, and

Nur(g) > m —1r — 2s.

There are t — 1 — 1 even gaps, so s < t — 1 — r, proving the second inequality.
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Now suppose that all roots are real. Each odd gap is at least 1, and each
even gap is at least 2, so

t—2
m:Z(ejH—ej) >2(t—1)—r>r+2s.
j=0

Since Ny (g) = 0, the preceding lower bound gives m < r + 2s. Combining
this with the displayed chain forces equality throughout. Thus every odd gap
is 1, every even gap is 2, and s =t — 1 — r, proving the structural assertions.
Equality in both of Descartes’s bounds follows because their sum is the total
number of roots.

Finally, m = 2(t — 1) — r gives the general support bound. The integers m
and 7 have the same parity, so » > 1 when m is odd; the odd-degree bound
follows, with equality exactly when r = 1. O

Corollary 4.2. Let g € Q[x] be irreducible, totally real, and of degree m > 2.
If g has exactly t nonzero terms, then

m < 2(t—1).

In particular, a totally real irreducible trinomial has degree at most 4, and if
m s odd, then

P + 3.
- 2
Proof. Irreducibility and m > 2 imply that the constant term of ¢ is nonzero,
so Proposition 4.1 applies. O

The proposition itself requires neither irreducibility nor separability:
Descartes’s rule already counts roots with multiplicity. In passing to the
corollary, irreducibility is used only to ensure a nonzero constant term. With-
out that condition, the monomial ™ shows that no degree bound in terms
of support is possible.

Proof of Theorem 1.2. Suppose first that n = 1, which is the power 2°. By
Lemma 2.1, the splitting field of f has degree m. Lemma 2.2 therefore shows
that f is totally real, and Corollary 4.2 gives t > (m + 3)/2.

If n > 2, parts (2) and (4) of Theorem 3.1 show that n is a power of 2 and
every coefficient of f is nonzero. Hence t = m + 1. O

The trinomial conclusion follows by combining the two cases of Theorem 1.2

Proof of Theorem 1.1. The base trinomial f(y) = y™ + ay® + b has t = 3
nonzero terms. If n > 2, then Theorem 1.2 gives 3 = m + 1, contradicting
the hypothesis that m > 3. Thus n = 1, and the same theorem gives
3> (m+3)/2. Hence m < 3, so m = 3. O

The cubic realizing the exceptional pair is the first member of an infinite
family that attains the odd-degree support bound.
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Proposition 4.3. For everyr > 1, put m = 3", and let T,,, be the Chebyshev
polynomial of the first kind. Then
Py (z) =2T,(x/2) + 1

is an irreducible abelian polynomial of degree m with exactly (m+3)/2 nonzero
terms. Its Galois group is cyclic of order m.

Proof. Let ¢ be a primitive 3"T!-st root of unity and put § = ¢ +¢~!. The
defining identity for T, gives

9T (0/2) = ™ + ™ = —1,
so P, (0) = 0. Moreover,

06): g = #&7

Since Py, is monic of degree m, it is the minimal polynomial of 6. Its splitting
field is the maximal real subfield of Q(¢), and

Gal(Q(0)/Q) = (2/3"'Z)* /{£1} = Cp.

For odd m, the coefficient formula

(/2 '
2 (z/2) = > (—1) ( ; >xm—23

=0 m=J

=3 =m.

has no zero coefficient. Adding the constant term gives exactly (m + 3)/2
nonzero terms: all exponents in the displayed sum are odd, so the added
constant is a new term. In particular,

Py(z) = 23 — 3z + 1,
which realizes the exceptional pair in Theorem 1.1. O
The next member of the Chebyshev family occurs at m =9, i.e.,
Py(x) = 2° — 927 + 272° — 302° + 9z + 1;

equality also occurs outside this power-of-3 family, as the next example
shows.

Ezample 4.4. The bound in Theorem 1.2 is attained in base degree m = 5,
where it requires 4 nonzero terms. Let ¢ be a primitive 11-th root of unity
and put

0=C+¢h K=Q0)=Q)",
where Q(¢)T denotes the maximal real subfield. Writing s; = ¢/ + (77, the
recurrence s; = 00s;_1 — s;_g for j > 2, together with 1 4 2?21 sj = 0, gives
p(0) =0, p(x) =25 42t —42® — 322 + 3z + 1.
Moreover,

K:Ql=5  Gal(K/Q) ~ (Z/11Z)* /{£1} ~ Cs,
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so p is the minimal polynomial of #. To obtain a generator with a sparser
minimal polynomial, set
v =460 — 3.
Reduction modulo p(f) = 0 gives
73 =8+ 300 — 1362 — 863 + 364,
A5 =TT + 24260 — 14362 — 666° + 336*.

Therefore
q(v) =0, q(z) = 2° — 1123 + 222 + 11.

Modulo 2, the polynomial ¢ becomes z° + 23 + 1, which has no linear
factor. The only irreducible quadratic over Fy is 22 + 2 + 1, and division by
it leaves the nonzero remainder « + 1. Thus ¢ has no factor of degree 1 or 2.
Every reducible quintic has an irreducible factor of degree at most 2, so g is
irreducible over 5, and hence over Q.

Because ¢ is irreducible and ¢(v) = 0, one has [Q(y) : Q] = 5, and
hence Q(v) = K. Since K/Q is Galois, it is the splitting field of ¢, with
Gal(K/Q) ~ C5. Thus q is a totally real cyclic quintic with exactly four
nonzero terms. Its support is {0, 1, 3,5}, so exactly one consecutive exponent
gap is odd, while ¢ and g(—x) have respectively 2 and 3 sign changes. In
particular, 5 = 2(4 — 1) — 1, and equality holds in Proposition 4.1.

5. APPLICATIONS AND EXAMPLES

As applications, we first extract the lacunarity obstruction and apply the
trinomial classification to the motivating cubic monogenic families. We then
show that the full-support conclusion is sharp, first through a monogenic
sextic and then through a realization theorem covering every odd base
degree and every positive power-of-2 composition exponent. We close with a
cyclotomic consequence.

5.1. Lacunarity and the motivating cubic families.

Corollary 5.1. Let f € Q[y] be monic and lacunary of odd base degree.
Then f(z™) cannot be both irreducible over Q and abelian for any n > 2.

Proof of Corollary 5.1. If n > 2 and f(z") were irreducible and abelian,
Theorem 3.1(4) would force every coefficient of f to be nonzero, contrary to
the hypothesis. O

Returning to the motivating cubic-base families, Theorem 1.1 gives the
following reduction.

Corollary 5.2. Let n > 1 and a,b € Z with ab # 0. If either
" +ax" + b or 23"+ az®™ + b
is abelian monogenic, then n = 1.

Proof. Theorem 1.1, with m = 3 and k£ = 1 or 2, forces n = 1 before
monogenicity is used. ([
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Corollary 5.2 reduces the monogenic question to the uncomposed cubic
case n = 1, where Jones’s classifications apply. For A, B € Z with AB # 0,
he proves that the only abelian monogenic polynomials of the y + Ay? 4+ B
shape are the following four [5, Theorem 1.1(2)]:

P43y -3, P —32+3, -3 +1, P+3°—1.

For the y? + Ay + B shape, he constructs two infinite families whose
members have pairwise distinct splitting fields [5, Theorem 1.1(1)]; he notes
that these families are not exhaustive [5, Section 4].

5.2. Sharpness and full-support realizations. The lacunarity assump-
tion in Corollary 5.1 cannot be removed. The converse in Proposition 3.5
suggests how to construct an example: start with an odd-degree abelian field
and choose a rational nonsquare times a square in that field.

Example 5.3. Let 0 be a root of 2> — 3z 4 1. This polynomial is irreducible
and has discriminant 81, so its splitting field £ = Q(#) is cyclic of degree 3.
Put 8 = —6?. The identity

0(B+3)=0(3-60*=1
shows that £ = Q(8), and squaring § = (3 + 3)~! gives
B(B+3)2+1=0.

Since E = Q(3) has degree 3, this cubic relation is the minimal polynomial
of j:
fy) =y +6y* + 9y + 1.

Here 8 = (—1)6?, with —1 € Q* \ Q*2. Since E/Q is cyclic, Proposition 3.5
shows that
f(@?) =a® + 621 +92% +1

is irreducible, has splitting field E(i), where i2 = —1, and has cyclic Galois
group C3 x Cy ~ Cg. Jones proved that this polynomial is monogenic [6,
Theorem 1.1(2)]; it also appears in Koénig’s subsequent preprint, which gives
a complete classification of monogenic even sextic polynomials with Galois
group Cg [10, Theorem 1.1]. Its cubic base has no zero coefficients, and all of
them are positive, as Theorem 3.1 requires. Thus the lacunarity assumption
in Corollary 5.1 is essential.

The sextic in Example 5.3 shows that a nontrivial abelian composition
attaining the full-support conclusion can also be monogenic. Without the
monogenicity requirement, that conclusion is attained for every odd base
degree m > 1 and every composition exponent n = 2¢, ¢ > 1.

Proposition 5.4. For every odd integer m > 1 and every n = 2¢, with £ > 1,
there is a monic irreducible polynomial f € Z[y| of degree m such that f(z™)
is irreducible and abelian. Fvery coefficient of f is positive.
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Proof. Choose a totally real cyclic extension E/Q of degree m. Such an
extension exists for every m: by Dirichlet’s theorem on primes in arithmetic
progressions, one may choose a prime ¢ = 1 (mod 2m) and take the degree-m
subfield of the maximal real subfield of Q({,). Choose an integral primitive
element u € E. After replacing u by v = u + C for a sufficiently large integer
C, every conjugate of v is positive; these conjugates remain pairwise distinct.

Put = —v™. Since the positive conjugates of v are distinct, so are their
n-th powers; hence Q(8) = E. Let f € Z[y] be the minimal polynomial of 3.
Its roots are the negative numbers —o(v)", with ¢ ranging over Gal(E/Q),
and therefore

fy= I @w+eo@"
ceGal(E/Q)

has positive coefficients.

Let &€ be a primitive 2n-th root of unity. Since n is a power of 2,

Q) : Q=¢(2n)=n, "=-1
The degrees m and n are coprime, so [EQ(§) : Q] = mn. Set a = v€.
Then o™ = 3, whence E = Q(8) C Q(«); because v € E, one also has
¢ =a/veQ(a). Thus
Q(a) = EQ(&).
This is an abelian extension of degree mn. The polynomial f(z™), which has
« as a root and degree mn, is therefore the minimal polynomial of a. Its

root field is abelian and Galois, so it is also the splitting field; hence f(z™) is
abelian. O

For example, let #3 —30 41 =0, put v = § + 2, and take n = 4. The three
conjugates of v are positive and distinct, and, using 82 = 36 — 1, one obtains

B = —276% — 550 — 8.
Direct reduction in the basis 1,6, 6? gives
B + 18632 + 47258 + 1 = 0,
so the minimal polynomial of [ is
f(y) = y® + 186y> + 4725y + 1.
Consequently,
f(z*) = 212 + 18628 + 47252% + 1
is irreducible and abelian. This gives a concrete cubic-base example beyond

composition exponent 2.

5.3. A cyclotomic consequence. Jones’s quadratic-base classification
contains cyclotomic families [8, Theorem 1.4(4)—(7)], so it is natural to ask
whether trinomials of odd base degree can also be cyclotomic. Theorem 1.1
reduces the question to m = 3 and n = 1; parity of cyclotomic degrees
eliminates that case.
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Corollary 5.5. Let f(y) = y™ + ay® + b, where the base degree m > 3 is
odd, 1 <k <m, and a,b € Q*. For every n > 1, the power composition
f(z™) = 2™ + az*™ 4 b is not cyclotomic.

Proof. Suppose that f(z™) equals the N-th cyclotomic polynomial ® . Since
@ is irreducible and abelian, Theorem 1.1 gives m = 3 and n = 1. Thus
deg @y = 3, which is impossible: p(N) is even for N > 2, while ®; and &,
have degree 1. ([

6. NORMAL COMPOSITIONS

Having established the exponent-2 normality criterion, we now draw its
consequences without assuming commutativity. The rational square class
persists, but its sign determines whether the coefficient obstruction survives.

Corollary 6.1. Under the equivalent conditions of Theorem 3.3, put K =
E(V/d), the splitting field of f(x%). Then the sign of d has the following
consequences.

If d > 0, then K is totally real, every root of f is positive, and, writing

fW) =y" + cmo1y™ 4+ co,
where ¢, = 1, one has
(~D)™ ;>0 (0<i<m).
If d < 0, then K is totally imaginary and every real root of f is negative.
Proof. By Proposition 3.4,
A = Gal(K/Q(Vd))

is the odd-order subgroup from Lemma 3.2. In particular, Q(vd) = K4
is the unique quadratic subfield of K, so the square class of d, and hence
its sign, is intrinsic. Fix an embedding K C C, and let ¢ € Gal(K/Q) be
complex conjugation.

If d > 0, then c fixes v/d, so ¢ € A. The group A has odd order and ¢ = 1,
whence ¢ = 1. Thus K is totally real. Every conjugate of 3 = dv? is positive,
and the coefficient signs follow from Vieta’s formulas.

If d < 0, then complex conjugation acts nontrivially on Q(v/d). Thus K
is not totally real; since K/Q is Galois, it has no real embeddings. If §’ is a
real root of f, the embedding o : E — R sending 3 to 8’ gives

B =do(v)*<0. O

Lacunarity can occur only in the negative case, and then E/Q must be
non-Galois.

Corollary 6.2. Let f € Qly] be monic, irreducible, lacunary, and of odd
base degree, let B be a root of f, and put E = Q(B). Suppose that f(z?) is
irreducible and normal. Choose d € Q% \ Q*2 and v € E* with 8 = dv?, as
in Theorem 3.3, and put K = E(v/d). Then d <0, K is totally imaginary,
E/Q is not Galois, and every real oot of f is negative.
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Proof. If d > 0, Corollary 6.1 makes every coefficient of f nonzero, contrary to
lacunarity. Hence d < 0; the same corollary then makes K totally imaginary
and every real root of f negative.

If £/Q were Galois, then it would be totally real by Lemma 2.2. Every
conjugate of B = dv? would then be negative, and Vieta’s formulas would
make every coefficient of f positive. Thus F/Q is not Galois. U

The following example realizes the non-Galois, totally imaginary alterna-
tive in Corollary 6.2 and shows that coefficient nonvanishing can fail.

Ezample 6.3. Let
fly) =y’ +108,  p=V2,  s=v=3,
so the base degree is 3. Put 8 = —3p? and a = sp. Then
B*=-108, o*=p, af=-108.

Moreover, p = 32/18, so E = Q() = Q(p). Eisenstein’s criterion at 2,
applied to 23 — 2, gives [E : Q] = 3. Since E = Q(B) and f(3) = 0, this
proves that f is irreducible. The identities

o’ a?
s = - 6 ) P = E
show that
Q(a) = Q(p, 5)-

Since Q(p) C R whereas s ¢ R, one has [Q(p,s) : Q(p)] = 2, and hence
[Q(p, s) : Q] = 6. Thus 2% + 108 is the minimal polynomial of . Moreover,
Q(p, s) is the splitting field of 23 — 2, because it contains p and

—14s
G=—g

Consequently, 2 4+ 108 is irreducible and normal, with Galois group S3. Here
18 = (_3)p27

so this is the negative square-class case. The cubic root field Q(p) is not
normal. Thus normality need not descend from f(z?) to f, and the abelian
lacunarity obstruction therefore fails for normal nonabelian polynomials.

Since S3 ~ D3, the example also falls under a complementary result of
Kénig: no monogenic even polynomial g(z?), with base g of odd degree
m > 3, has the dihedral group D,, of order 2m as its Galois group in the
regular action [10, Lemma 4.2]. In particular, 2% + 108 is not monogenic.

The quadratic field in the criterion can sometimes be read from the
discriminant, but not always.

Remark 6.4. In the non-Galois alternative of Proposition 3.4, the field Q(v/d)
is the unique quadratic subfield of E. If the polynomial discriminant A(f) is
not a square in @Q, then
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Indeed, the discriminant character is then a nontrivial homomorphism from
Gal(E/Q) to Cy, whose kernel must be the unique subgroup of index 2.
When A(f) is a square, however, Q(1/A(f)) = Q, so the discriminant does
not identify the quadratic subfield. For instance, a quintic with Galois group
D5, where D5 denotes the dihedral group of order 10, has square discriminant
because the natural degree-5 action of Ds lies in As, even though its Galois
closure has a quadratic subfield.

For an arbitrary composition exponent n, root rotation still yields a
restriction at n, but normality need not descend to its divisors.

Proposition 6.5. Let f € Q[y] be monic and irreducible of odd base degree
m, and suppose that f(z™) is irreducible and normal. Then
o(n) | mn.
If n is odd, thenn = 1.
Proof. For n = 1, the divisibility is immediate. Suppose that n > 2, and let «

be a root of f(z"), and let ¢, be a primitive n-th root of unity. Irreducibility
forces o # 0. Since a(, is another root and Q(«) is the splitting field,

G = 2 Q(a).

(07

Thus Q(¢,) € Q(«), and therefore p(n) | [Q(a) : Q] = mn. If n > 3 is odd,
then ¢(n) is even whereas mn is odd, a contradiction. O

For base degree m = 3, this necessary numerical condition can be solved
exactly, as follows.

Theorem 6.6. (1) The positive integer solutions of p(n) | 3n are
n=1, n=2", n=2"3% or n=2"7°%

where r > 1, and s > 1 in the last two families. Consequently, every
exponent occurring in an irreducible normal composition with cubic
base belongs to this list.

(2) For each p € {3,7}, there is a monic irreducible cubic f, € Z[y] such
that f,(x?P) is irreducible and normal, whereas f,(zP) is irreducible
but not normal.

The numerical list is a necessary condition, not an existence theorem for
every entry. Its two possible odd prime divisors are nevertheless realized in
part (2), at composition exponents 6 and 14.

Proof of Theorem 6.6(1). Proposition 6.5 shows that every exponent in an
irreducible normal cubic-base composition satisfies ¢(n) | 3n. It remains to
classify the solutions of this divisibility.

Let R = rad(n) be the product of the distinct primes dividing n. Since

e(n) = Zo(R),
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the divisibility is equivalent to ¢(R) | 3R. The case R =1 gives n = 1. If
R > 1 were odd, then ¢(R) would be even while 3R is odd. Thus 2 | R
whenever n > 2.

Let S be the set of odd primes dividing R, and let vo denote the 2-adic
valuation. Since R is squarefree and even, v2(3R) = 1, whereas

v(p(R)) = Y va(p - 1).
peS

Taking 2-adic valuations in ¢(R) | 3R therefore gives

> w(p-1) <1

peS
Every summand is at least 1, so S contains at most one prime. If S = {p},
then p — 1 | 6p. Since ged(p — 1,p) = 1, one has p — 1 | 6, and hence p =3
or p = 7. Conversely, 3R/¢(R) equals 6, 9, and 7 when the set of prime
divisors of R is respectively {2}, {2,3}, or {2,7}. O

We next construct the examples in Theorem 6.6(2).

Proof of Theorem 6.6(2). The ambient field. For p =3, put ¢ =9; for p =7,
put ¢ = 7. Let (; be a primitive ¢-th root of unity, and put ¢, = 3/ P Let

C=Q«), E=Q+¢Y, z=2+4¢+¢"  w=7Y2

The field E is the maximal real subfield of C' and is cyclic cubic; moreover,
z is an algebraic integer generating F.

Choose s € C with s> = —p. For p = 3, one may take s = 1 + 2(3; for
p =7, the quadratic Gauss sum

S=G+E-G+G -G -@
has square —7. Put
K =C(w), o = swz, B = = 4(—p)P2*.

For p = 7, degree coprimality gives [K : Q] = 42. For p = 3, the
intersection C'NQ(w) equals Q. Indeed, because [Q(w) : Q] = 3, a nontrivial
intersection would equal Q(w), placing the non-Galois cubic Q(w) inside the
abelian extension C'/Q. Hence [K : Q] = 18. In both cases [K : Q] = 6p,
and K/Q is Galois because C' contains (, and K is the compositum of C
with the splitting field of zP — 2.

The root ov. Every o € Gal(K/Q) is determined by a € (Z/qZ)* and j € Z/pZ
through 4
o(Cq) = (5, o(w) = Gu.
Write e(a) € {£1} for the sign defined by o(s) = e(a)s. If o fixes a, then
@)+ +¢Y) =2+ ¢+
The three conjugates of z are positive and distinct: they have the form

2 + 2cos(2ma/q) € (0,4), and distinctness follows because z generates E.
Taking absolute values therefore gives a = +1 (mod ¢). If a =1 (mod q),
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then j = 0. If a = —1 (mod q), the restriction of o to C' is complex
conjugation, so o(s) = —s. The displayed equality would then require
¢; = —1, which is impossible for odd p. Thus « has trivial stabilizer and
Qo) = K.

The cubic base. The three conjugates of 3 = 4(—p)Pz?P are distinct, so
Q(B) = E. Since z is integral, so is 5. Let f,, be the minimal polynomial of
B. Then f, is a monic irreducible cubic in Z[y], while f,(2%") has a as a root
and degree 6p = [K : Q]. It is therefore the minimal polynomial of «, and it
is normal because K/Q is Galois.

Ezxplicit coefficients. The coefficients can also be written explicitly. Write
minpolyg(u) for the minimal polynomial of an algebraic number u over Q,

and define A, B, by
minpolyq(z%) = U — A,U? + B,U — 1,
and put ¢, = 4(—p)P. Then
rly) = Y — Apcpy2 + chf)y — cg.
The required minimal polynomials are

P ‘ minpolyg(2) ‘ minpolyg (2%P)
3/ X3 —6X2+9X —1 U3 — 2109072 + 3247860 — 1
71 X3 —5X24+6X —1|U3—14478659U2 + 69948055710 — 1.

The displayed minimal polynomials of z follow by eliminating (, from
®,4(¢y) = 0, or equivalently by translating the minimal polynomial of ¢, + ¢, L
Reducing powers modulo these polynomials then gives

(2%P)% — A,(2°P)? + By —1 = 0.

The three positive conjugates of z are distinct, so their 2p-th powers are
distinct. The displayed cubic is therefore the minimal polynomial of z2P.

Descent. Finally, f,(«P) is irreducible: any factorization would remain after
substituting 22, contradicting the irreducibility of f,(z?). The element
a? = —pw?2z? is a real root of f,(zP), so its root field is contained in R. If
this polynomial were normal, then the other root onCp would belong to its
root field, and hence

G =%
P T2

a contradiction. O

€ Q(a®) CR,

The construction isolates the difference between abelianness and normality.
At base degree m = 3, the divisibility condition permits only 3 and 7 as odd
prime divisors of the composition exponent. Theorem 6.6(2) realizes them
at exponents 6 and 14, whereas the descended compositions at exponents
3 and 7 remain irreducible but are not normal. By contrast, in the abelian
setting both irreducibility and abelianness descend and force the composition
exponent to be a power of 2.
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7. FURTHER QUESTIONS

The preceding results leave several natural questions:

(1) For which odd m > 3 is the bound (m+3)/2 attained by an irreducible
abelian polynomial of degree m? Is it attained for every odd m?

(2) Can one classify all abelian monogenic trinomials of the form 3 +
Ay + B? Jones’s two infinite families are explicitly nonexhaustive [5,
Section 4].

(3) Which mixed exponents 2"3° and 2"7°, with r, s > 1, occur in irre-
ducible normal cubic-base compositions?
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